We discuss a method of calculating the key cosmological parameters on the basis of a selected scale factor by using exact solutions of the background equations. We specify the formulas for calculating the power spectrum, the spectral indices and their ratios, and the ratio of squared amplitudes of scalar and tensor perturbations. We obtain, for the first time, expressions for the basic cosmological parameters in terms of the scalar factor value at the instant of crossing the cosmological horizon. In this case, the cosmological parameters are calculated for a wide class of exact models. They are compared with their analogs derived in the slow-rolling approximation.
Introduction.
The progress achieved in inflationary cosmology [1] enables us to compare the observational data with predictions of the theory: having chosen a cosmological model describing the Universe at its inflationary stage, one can determine the power spectrum of density perturbations, the spectral indices of scalar and tensor perturbations and their ratio as well as the ratio of squared amplitudes of the tensor and scalar modes. The basic theoretical conclusions have been obtained, as a rule, in the framework of the slow-roll approximation [3] . A method of obtaining new theoretical conclusions on the basis of exact solutions was proposed comparatively recently [4] , and this method has enabled us to introduce corrections to calculations of the perturbation spectrum at horizon crossing. An exact expression for calculating the spectral index in terms of the total energy of the scalar field was found in [6] for models of power-law and exponentialpower-law inflation. It was shown [7] how to obtain the key cosmological parameters at horizon crossing on the basis of a selected scale factor or, which is the same, the Hubble parameter, in the spirit of the potential fine tuning method [8, 9] (see also [10] [11] [12] ). The cosmological parameters were calculated and compared with their analogs ob-tained in the slow-rolling approximation for powerlaw and exponential-power-law inflation and for singular and nonsingular representations of de Sitter cosmology.
In this paper, we widen the circle of the exact models studied and discuss the possibility of recalculating the cosmological parameters at crossing the horizon for comparison with the observational data.
The method of calculating the cosmological parameters
Initial perturbations of a cosmological model of inflation are described by a self-consistent set of the Einstein equations and those of a self-interacting scalar field in Friedman-Robertson-Walker spacetime with flat spatial sections. Let us choose a presentation of this system in terms of the total energy potential W (φ) [13] :
Recalled that the total energy potential has been defined as a function of the scalar field
It is easy to verify that one of the Einstein equations (3) may be obtained as a consequence of Eqs. (1) and (2) .
Taking into account an exact formula for differential of the logarithm of the wave vector at horizon crossing time, k = aH , valid for perturbations with the wave vector k [6] ,
one can make an amendment in the expression for the curvature perturbations power spectrum by substituting the physical potential V (φ) with the total energy potential W (φ); then, using Eqs. (1)- (3), we can obtain a representation in terms of the Hubble parameter:
For the spectral index of the scalar perturbations, we obtain in a similar way
On the basis of these relations, one can evidently obtain expressions for the runaway of spectral indices.
A procedure similar to that of calculating the power spectrum of scalar perturbations makes it possible to derive an exact expression for the power spectrum of tensor perturbations P G (k),
and to write down a formula for the spectral index of tensor perturbations:
Let us note a specific result for the ratio of the spectral indices of tensor and scalar perturbations:
Since the improvement in Eqs. (7) and (9) consists in that the denominator contains (Ḣ + H 2 ) rather than H 2 , the improvement does not manifest itself in this ratio.
In what follows, we will consider the tensor-toscalar ratio for squared amplitudes [2] 
One can determine the amplitude of the tensor mode and estimate its contribution to the CMB anisotropy on the basis of the tensor-to-scalar ratio and the observed contribution of the scalar mode.
3 Post-inflationary evolution of cosmological perturbations
Consider the sequence of events at transition from the inflationary stage to the radiation and matter domination stages. The inflationary stage is completed by scalar field decay and particle production, followed by nucleosynthesis and further evolution according to the standard scenario. Cosmological perturbations of different wavelengths (with different wavenumbers k ) become classical quantities during several e-folds after the instant of coming outside the horizon. This time is designated as t * .
Having crossed the horizon, the cosmological perturbations remain "frozen" in the gravitational background and do not change their magnitude in the comoving reference frame. The magnitude of perturbations evolves in a known way in the radiation-dominated epoch at entering under the horizon, an we denote this time as t pr .
The theory of cosmological perturbations is considered to be applicable in the initial epoch which begins before the cosmological scale of interest enters the horizon. This initial epoch begins much later than the nucleosynthesis, and therefore the matter constituents of the Universe, except nonbaryonic dark matter, are known. It has been established theoretically how perturbations of all components of the Universe evolve after the initial epoch evolve if the energy density of each component at that time is known.
The initial perturbation spectrum can be constructed using the transfer function from vacuum fluctuations at the instant t * . It is known how to calculate this function; in doing so, the perturbation of each component is calculated from the curvature perturbation R k with the aid of the transfer function:
where R k (t) is determined at the time t * :
Our improvement is associated with calculating the curvature perturbation on the basis of exact solutions to the Einstein equations (in the zero-order approximation) without using a slow-roll regime in this situation. Since we have obtained exact expressions for the cosmological parameters at an exit outside the horizon, we need, for confrontation with the observational data, to carry out a recalculation of the cosmological parameters to the present epoch. To do that, let us consider the post-inflationary evolution of the cosmological perturbations and find correction to the cosmological parameters.
It should be noted that, in the inflationary models under study, there is no natural exit from inflation. We therefore suppose that, after scalar field decay, the gravitational field turns into Friedmann radiation and matter-dominated stages during the same e-folds, characterized by the time t * .
We use the standard method of re-calculating cosmological perturbations to Friedmann epochs. It is well known [5] that, during the radiationdominated stage (a ∼ t n , n = 1/2), and the matter-dominated stage (a ∼ t n , n = 2/3), the gravitational perturbations (the gravitational potential Φ k ) are transformed in the following way:
During the radiation-dominated stage,
During the matter-dominated stage,
We conclude from these relations that the evolution of perturbations at superhorizon scales is reduced to simply rescaling their amplitudes. Thus the power spectrum of the gravitational perturbations at the matter-dominated stage is determined through the power spectrum of curvature perturbations:
This, in turn, allows us to determine the density contrast and the power spectrum of scalar perturbations:
which can be compared with the observational data.
In the case of arbitrary wavelengths of the perturbations, the transfer function can be calculated numerically. The values of the transfer function have been tabulated for many cosmological models.
Thus our improvement introduced at the afterinflationary stage leads finally to improved relations containing observational data. Let us apply the methods described to some exact solutions.
4 Cosmological parameters for exact solutions
Power-law inflation.
First of all, consider power-law inflation. The scale factor of such a model is
For the spectral indices of scalar and tensor perturbations we obtain
If m > 1 and |n S − 1| < 0.2, we get a reasonable of the degree of expansion: m > 9.
The tensor-to-scalar spectral index ratio
is critically connected with the value m = 3. When m = 3, we have r → ∞. For 1 ≤ m < 3, we have 1 ≤ r < ∞, while for m > 3 we have −∞ < r < 0. When m ≥ 9, we obtain r ≥ −1/3, i.e. |r| < 0.333, and as m grows, the spectral index of tensor perturbations becomes smaller and smaller as compared with the scalar one. One should note that these results are distinct from those of [6] , which is caused by an error in the expression for the spectral index of scalar perturbations, Eq. (17) of the cited paper.
De Sitter solutions
The de Sitter solution describes Universes with and without coordinate singularities, with the scale factor
and
respectively. The spectral indices and their ratio are calculated using the general formulas and have the following form: For a "singular" Universe,
In the case of the nonsingular de Sitter solution,
The scalar field must be imaginary.
Generalized exponential inflation
Consider a scale factor which is defined as a = a s e (Ae λt +Bt) .
The Hubble parameter is
Let us calculate the spectral indices of scalar and tensor modes of perturbation as well as the power spectra:
The ratio of the spectral indices and the tensorto-scalar ratio at crossing of Hubble radius are r = Aλ 2 e λt 5Aλ 2 e λt + (λe λt + B) 2 − λ(λe λt + B)
,
4.4 Exponential-power-law inflation.
In this model, the evolution of the scale factor is defined as
The cosmological parameters are, in this case, written as
The ratio of the spectral indices and the tensor-toscalar ratio are again easily calculated:
Let us find the cosmological parameters for scale factor evolution
By calculations similar to the previous ones, we obtain:
n S − 1 = 3µ + 1 µ(t − t 0 ) µ + µ − 1 ,
(t − t 0 ) 3µ−2 µ − 1 ,
r = 2λt(µ − 1) 5λµ(µ − 1) + λ 2 µ 2 t µ+1 − µ + 2 , T S = 4(µ − 1) µλ(t − t 0 ) µ In these models, the values of the constants are restricted by T /S < 0.2 according to the observational data [2] .
Discussion
Further developing the exact methods of obtaining the key cosmological parameters, suggested in [4, 6] , we have presented exact formulas for the power spectra of scalar and tensor (gravitational) perturbations and the corresponding spectral indices. (From the formulas presented, it is easy to determine the runaway of the spectral indices and their form for the models enumerated in this article. These results will be given elsewhere.)
Let us again emphasize the simplicity of the method and its applicability to any models in which the gravitational field of the evolving Universe or the total energy potential are known (see [4, 6] ).
